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Abstract
Let V be a simple vertex operator algebra and G a finite automorphism group
of V such that V G is regular. It is proved that every irreducible V G-module occurs
in an irreducible g-twisted V -module for some g ∈ G. Moreover, the quantum
dimensions of each irreducible V G-module are determined and a global dimension
formula for V in terms of twisted modules is obtained.
1 Introduction
This paper deals with general orbifold theory. More precisely, we are trying to under-
stand the representation theory for the fixed point vertex operator subalgebra of a vertex
operator algebra under the action of a finite automorphism group. Let V be a rational
vertex operator algebra and G a finite automorphism group of V. The well known orbifold
theory conjecture says that V G is rational and every irreducible V G-module occurs in an
irreducible g-twisted V -module for some g ∈ G. Proving this conjecture is definitely the
major task in orbifold theory.
The appearance of the twisted modules is the main feature of the orbifold theory.
The twisted modules for lattice vertex operator algebras were constructed and stud-
ied in [FLM1], [L], [FLM2], [DL2]. The abstract twisted representation theory such
as g-rationality and classification of irreducible g-twisted V -modules were investigated in
[DLM4] in terms of Zhu’s algebra [Z], and extended further in [DLM5], [DLM6], [MT].
The number of inequivalent irreducible g-twisted V -modules was determined if V is g-
rational and C2-cofinite using the modular invariance of trace functions in orbifold theory
[DLM7].
Motivated by the orbifold theory conjecture, decomposition of V into a direct sum of
irreducible V G-modules was initiated in [DM] and [DLM2]. It was shown that G and V G
form a dual pair on V in the sense of [H1]-[H2] and a Schur-Weyl duality was obtained.
The decomposition of an arbitrary irreducible g-twisted V -module into a direct sum of
V G-modules was achieved in [DY] and [MT]. In other words, the irreducible V G-modules
occurring in all irreducible twisted modules were classified.
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We establish in this paper that if V G is rational, C2-cofinite and the weight of any
irreducible g-twisted V module except V itself is positive then every irreducible V G-
module is a V G-submodule of irreducible g-twisted V -module for some g ∈ G. This result
reduces the orbifold theory conjecture to the rationality of V G. The main tool we use to
prove the result is the modular invariance of trace functions [Z], [DLM7]. This explains
why the C2-cofiniteness is necessary. The assumption that any irreducible g-twisted V -
module has a positive weight except the vertex operator algebra itself holds for the most
well known rational vertex operator algebras. This assumption will allow us to use the
tensor product and related results given in [H], [DLN].
We compute the quantum dimensions of any irreducible g-twisted V -module and any
irreducible V G-module. The quantum dimension for a V -module was defined and studied
in [DJX] to have a full Galois theory V G ⊂ V [DM], [HMT] where the quantum dimen-
sion qdimV G V plays the role that the ordinary dimension plays in the classical Galois
correspondence. The quantum dimensions of the irreducible modules are the important
invariants of V and the product formula qdimV (M ⊠ N) = qdimV M
˙qdimVN for any
V -modules M,N is very useful in computing the fusion rules. An explicit relation be-
tween the quantum dimension of an irreducible g-twisted V -module M and the quantum
dimension of an irreducible V G-submodule of M is given.
We also find several interesting formulas on the global dimension of V. The global di-
mension is defined to be the sum of the squares of the quantum dimensions of the inequiv-
alent irreducible V -modules [DJX]. The global dimension, in fact, is the Frobenius-Perron
dimension of the V -module category [ENO], [H] and [DJX]. It was established in [DJX]
that the global dimension glob(V ) is equal to 1
S2
V,V
where SV,V is an entry of the S-matrix
associated to V. The entry SW,V G of the S-matrix associated to V
G for any irreducible
V G-moduleW is determined in this paper. It turns out that SV G,V G =
1
|G|
SV,V . This leads
to the well known formula glob(V G) = |G|2 glob(V ) which was known using the category
theory [H], [DMNO],[KO], [ENO] (see Theorem 2.9 of [ADJR]). The same formula also
appears in the setting of conformal nets in [X] and [KLX]. Moreover, we discover that
|G| glob(V ) is a sum of squares of the quantum dimensions of all irreducible g-twisted
modules where g runs through G. This suggests a stronger result that for any automor-
phism g of V of finite order, glob(V ) is a sum of squares of the quantum dimensions of
the irreducible g-twisted V -modules. A proof of this result involves with the fusion rules
and the S-matrix of V G with G being the cyclic group generated by g.
The paper is organized as follows. In Section 2, we define twisted modules, g-
rationality following [DLM4]. We also review some results used in this paper for g-rational
vertex operator algebras and the modular invariance of trace functions from [DLM7]. The
transformation of these functions by the S =
(
0 −1
1 0
)
plays an essential role in the
computation of the quantum dimensions and the global dimensions. In Section 3, we
first review the irreducible V G-modules occurring in irreducible g-twisted modules from
[DLM2], [DY] and [MT]. We then establish that these modules are complete by showing
that ZV G(v,
−1
τ
) (see the definition of ZV G(v,
−1
τ
) in Section 2) is a linear combination of
2
τwt[v]ZW (v, τ) where W runs through the inequivalent irreducible V
G-modules occurring
in irreducible g-twisted modules for g ∈ G. Section 4 is devoted to the study of quan-
tum dimensions and global dimensions. First, the quantum dimension of any irreducible
g-twisted module M is computed by using the S-matrix. The quantum dimension of
any irreducible V G-submodule of M is obtained using the quantum dimension of M. This
leads to a global dimension formula of V in terms of quantum dimensions of all irreducible
twisted modules. We explain these results using the Heisenberg vertex operator algebras,
the rank one lattice vertex operator algebras and the tensor product of vertex operator
algebras. In Section 5 we show that for any automorphism g of V of finite order, glob(V )
is a sum of squares of the quantum dimensions of the irreducible g-twisted V -modules.
As an application we prove that if V is holomorphic and G is a cyclic group, then ev-
ery irreducible V G-module is a simple current. We also show the V G-module category is
equivalent to the D(G)-module category as tensor categories where D(G) is the Drinfeld
double associated to G.
2 Preliminary
The various notions of twisted modules for a vertex operator algebra following [DLM4] are
reviewed in this section. The concepts such as rationality, regularity, and C2-cofiniteness
from [Z] and [DLM3] are discussed. The modular invariance property of the trace functions
in orbifold theory from [Z] and [DLM7] are also given.
2.1 Basics
Let V be a vertex operator algebra and g an automorphism of V of finite order T . Then
V is a direct sum of eigenspaces of g :
V =
⊕
r∈Z/TZ
V r,
where V r = {v ∈ V |gv = e−2piir/T v}. We use r to denote both an integer between 0 and
T − 1 and its residue class mod T in this situation.
Definition 2.1. A weak g-twisted V -module M is a vector space equipped with a linear
map
YM : V → (EndM)[[z1/T , z−1/T ]]
v 7→ YM(v, z) =
∑
n∈ 1
T
Z
vnz
−n−1 (vn ∈ EndM),
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which satisfies the following: for all 0 ≤ r ≤ T − 1, u ∈ V r, v ∈ V, w ∈M ,
YM(u, z) =
∑
n∈ r
T
+Z
unz
−n−1,
ulw = 0 for l ≫ 0,
YM(1, z) = IdM ,
z−10 δ
(
z1 − z2
z0
)
YM(u, z1)YM(v, z2)− z−10 δ
(
z2 − z1
−z0
)
YM(v, z2)YM(u, z1)
= z−12
(
z1 − z0
z2
)−r/T
δ
(
z1 − z0
z2
)
YM(Y (u, z0)v, z2),
where δ(z) =
∑
n∈Z z
n and all binomial expressions (here and below) are to be expanded
in nonnegative integral powers of the second variable.
Definition 2.2. A g-twisted V -module is a C-graded weak g-twisted V -module M :
M =
⊕
λ∈C
Mλ
where Mλ = {w ∈ M |L(0)w = λw} and L(0) is the component operator of Y (ω, z) =∑
n∈Z L(n)z
−n−2. We also require that dimMλ is finite and for fixed λ, M n
T
+λ = 0 for all
small enough integers n.
If w ∈Mλ we refer to λ as the weight of w and write λ = wtw.
We use Z+ to denote the set of nonnegative integers.
Definition 2.3. An admissible g-twisted V -module is a 1
T
Z+-graded weak g-twisted V -
module M :
M =
⊕
n∈ 1
T
Z+
M(n)
satisfying
vmM(n) ⊆ M(n + wtv −m− 1)
for homogeneous v ∈ V, m, n ∈ 1
T
Z.
If g = IdV we have the notions of weak, ordinary and admissible V -modules [DLM3].
IfM =
⊕
n∈ 1
T
Z+
M(n) is an admissible g-twisted V -module, the contragredient module
M ′ is defined as follows:
M ′ =
⊕
n∈ 1
T
Z+
M(n)∗,
where M(n)∗ = HomC(M(n),C). The vertex operator YM ′(a, z) is defined for a ∈ V via
〈YM ′(a, z)f, u〉 = 〈f, YM(ezL(1)(−z−2)L(0)a, z−1)u〉,
where 〈f, w〉 = f(w) is the natural paringM ′×M → C. It follows from [FHL] and [X] that
(M ′, YM ′) is an admissible g
−1-twisted V -module. We can also define the contragredient
module M ′ for a g-twisted V -module M. In this case, M ′ is a g−1-twisted V -module.
Moreover, M is irreducible if and only if M ′ is irreducible.
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Definition 2.4. A vertex operator algebra V is called g-rational, if the admissible g-
twisted module category is semisimple. V is called rational if V is 1-rational.
There is another important concept called C2-cofiniteness [Z].
Definition 2.5. We say that a vertex operator algebra V is C2-cofinite if V/C2(V ) is
finite dimensional, where C2(V ) = 〈v−2u|v, u ∈ V 〉.
The following results about g-rational vertex operator algebras are well-known [DLM4],
[DLM7].
Theorem 2.6. If V is g-rational, then
(1) Any irreducible admissible g-twisted V -module M is a g-twisted V -module. More-
over, there exists a number λ ∈ C such that M = ⊕n∈ 1
T
Z+
Mλ+n where Mλ 6= 0. The λ is
called the conformal weight of M ;
(2) There are only finitely many irreducible admissible g-twisted V -modules up to iso-
morphism.
(3) If V is also C2-cofinite and g
i-rational for all i ≥ 0 then the central charge c and
the conformal weight λ of any irreducible g-twisted V -module M are rational numbers.
Definition 2.7. A vertex operator algebra V is called regular if every weak V -module is
a direct sum of irreducible V -modules.
A vertex operator algebra V = ⊕n∈ZVn is said to be of CFT type if Vn = 0 for
negative n and V0 = C1. It is proved in [ABD] that if V is of CFT type, then regularity
is equivalent to rationality and C2-cofiniteness. Also V is regular if and only if the weak
module category is semisimple [DYu].
2.2 Modular Invariance
Let V be a vertex operator algebra, g an automorphism of V of order T and M =
⊕n∈ 1
T
Z+
Mλ+n a g-twisted V -module.
For any homogeneous element v ∈ V we define a trace function associated to v as
follows:
ZM(v, q) = trM o(v)q
L(0)−c/24 = qλ−c/24
∑
n∈ 1
T
Z+
trMλ+n o(v)q
n
where o(v) = v(wtv − 1) is the degree zero operator of v. This is a formal power series
in variable q. It is proved in [Z] and [DLM7] that ZM(v, q) converges to a holomorphic
function on the domain |q| < 1 if V is C2-cofinite. We also use ZM(v, τ) to denote the
holomorphic function ZM(v, q). Here and below τ is in the complex upper half-plane H
and q = e2piiτ .
Note that if v = 1 is the vacuum then ZM(1, q) is the formal character of M. We
simply denote ZM(1, q) and ZM(1, τ) by χM(q) and χM(τ), respectively. χM(q) is called
the character of M.
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To proceed further, we need the action of Aut(V ) on twisted modules [DLM7]. Let
g, h be two automorphisms of V with g of finite order. If (M,YM) is a weak g-twisted
V -module, there is a weak h−1gh-twisted V -module (M ◦ h, YM◦h) where M ◦ h ∼= M as
vector spaces and
YM◦h(v, z) = YM(hv, z)
for v ∈ V. This defines a left action of Aut(V ) on weak twisted V -modules and on
isomorphism classes of weak twisted V -modules. Symbolically, we write
(M,YM) ◦ h = (M ◦ h, YM◦h) =M ◦ h,
where we sometimes abuse notation slightly by identifying (M,YM) with the isomorphism
class that it defines.
If g, h commute, h clearly acts on the g-twisted modules. Denote by M (g) the equiva-
lence classes of irreducible g-twisted V -modules and set M (g, h) = {M ∈ M (g)|h ◦M ∼=
M}. Note from Theorem 2.6 that if V is g-rational, both M (g) and M (g, h) are finite
sets. For any M ∈ M (g, h), there is a g-twisted V -module isomorphism
ϕ(h) : M ◦ h→ M.
The linear map ϕ(h) is unique up to a nonzero scalar. If h = 1 we simply take ϕ(1) = 1.
For v ∈ V we set
ZM(v, (g, h), τ) = trM o(v)ϕ(h)q
L(0)−c/24 = qλ−c/24
∑
n∈ 1
T
Z+
tr
Mλ+n
o(v)ϕ(h)qn
which is a holomorphic function on H [DLM7]. Note that ZM(v, (g, h), τ) is defined up to
a nonzero scalar. It is evident that if h = 1 then ZM(v, (g, 1), τ) = ZM(v, τ).
In the rest of this paper we assume the following:
(V1) V = ⊕n≥0Vn is a simple vertex operator algebra of CFT type,
(V2) G is a finite automorphism group of V and V G is a vertex operator algebra of CFT
type,
(V3) V G is C2-cofinite and rational,
(V4) The conformal weight of any irreducible g twisted V -module for g ∈ G except V
itself is positive.
The following results are obtained in [ABD], [ADJR] and [HKL].
Lemma 2.8. Let V and G be as before. Then
(1) V is C2-cofinite,
(2) V is g-rational for all g ∈ G.
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There is another vertex operator algebra (V, Y [ ], 1, ω˜) associated to V in [Z]. Here
ω˜ = ω − c/24 and
Y [v, z] = Y (v, ez − 1)ez·wtv =
∑
n∈Z
v[n]zn−1
for homogeneous v. We also write
Y [ω˜, z] =
∑
n∈Z
L[n]z−n−2.
If v ∈ V is homogeneous in the second vertex operator algebra, we denote its weight by
wt[v].
Let P (G) denote the ordered commuting pairs in G. For (g, h) ∈ P (G) and M ∈
M (g, h), ZM(v, (g, h), τ) is a function on V ×H. Let W be the vector space spanned by
these functions. It is clear that the dimensional d of W is equal to
∑
(g,h)∈P (G) |M (g, h)|.
We now define an action of the modular group Γ on W such that
ZM |γ(v, (g, h), τ) = (cτ + d)−wt[v]ZM(v, (g, h), γτ),
where
γ : τ 7→ aτ + b
cτ + d
, γ =
(
a b
c d
)
∈ Γ = SL(2,Z). (2.1)
We let γ ∈ Γ act on the right of P (G) via
(g, h)γ = (gahc, gbhd).
Using Lemma 2.8 we have the following results [DLM7]:
Theorem 2.9. (1) There is a representation ρ : Γ→ GL(W ) such that for (g, h) ∈ P (G),
γ =
(
a b
c d
)
∈ Γ, and M ∈ M (g, h),
ZM |γ(v, (g, h), τ) =
∑
N∈M (gahc,gbhd)
γM,NZN(v, (g, h)γ, τ)
where ρ(γ) = (γM,N). That is,
ZM(v, (g, h), γτ) = (cτ + d)
wt[v]
∑
N∈M (gahc,gbhd)
γM,NZN(v, (g, h)γ, τ).
(2) The cardinalities |M (g, h)| and |M (gahc, gbhd)| are equal for any (g, h) ∈ P (G)
and γ ∈ Γ. In particular, the number of inequivalent irreducible g-twisted V -modules is
exactly the number of irreducible V -modules which are g-stable.
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Remark 2.10. There are two special cases most in the present paper: If γ = S =(
0 −1
1 0
)
we have:
ZM(v,−1
τ
) = τwt[v]
∑
N∈M (1,g−1)
SM,NZN(v, (1, g
−1), τ) (2.2)
for M ∈ M (g) and
ZN(v, (1, g),−1
τ
) = τwt[v]
∑
M∈M (g)
SN,MZM(v, τ). (2.3)
Since we are dealing with various vertex operator algebra, we use MV for M (1). The
matrix S = (SM,N)M,N∈MV is called S-matrix of V and is independent of the choice of
vector v.
2.3 Fuison rules and Verlinde Fromula
Let V be as before and M,N,W ∈ MV . The fusion rule NWM,N is dim IV
(
W
M N
)
,
where IV
(
W
M N
)
is the space of intertwining operators of type
(
W
M N
)
.
Since V is rational there is a tensor product ⊠ of two V -modules [HL1]-[HL3] such
that if M,N are irreducible then M ⊠ N =
∑
W∈MV
NWM,NW. The irreducible V -module
is called a simple current if M ⊠N is irreducible again for any irreducible module N.
The following Verlinde formula [V] was proved in [H].
Theorem 2.11. Let V be as before. Then
(1) (S−1)M,N = SM,N ′ = SM ′,N , and SM ′,N ′ = SM,N ;
(2) S is symmetric and S2 = (δM,N ′);
(3) NWM,N =
∑
U∈MV
SN,USM,US
−1
U,W
SV,U
;
(4) The S-matrix diagonalizes the fusion matrix F (M) = (NWM,N)N,W∈MV . More ex-
plicitly, S−1F (M)S = diag(
SM,N
SV,N
)N∈MV . In particular, SV,N 6= 0 for any N.
We also have [DLN]:
Proposition 2.12. The S-matrix is unitary and SV,M = SM,V is positive for any irre-
ducible V -module M.
A simple currentM has order n > 0 if n is the least positive integer such thatM⊠n = V.
In fact, the simple currents form an abelain group with product ⊠ and n is exactly the
order of M in this group.
Lemma 2.13. If M is a simple current of order n then
SM,N
SV,N
is a n-th root of unity for
any irreducible V -module N. Moreover, F (M⊠r) = F (M)r for any integer r.
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Proof. Consider the vector space with a basis MV . The ⊠ makes this space a module for
the group of simple currents. The corresponding matrix of M with respect to the basis
MV is exactly F (M). So the eigenvalues
SM,N
SV,N
of F (M) are the n-th root of unity. The
relation F (M⊠r) = F (M)r is clear. 
3 Classification of irreducible modules for V G
In this section we give a classification of irreducible modules of V G and show that any
irreducible V G module occurs in an irreducible g-twisted V -module for some g ∈ G.
Let M = (M,YM) be an irreducible g-twisted V -module. We define a subgroup GM
of G consisting of h ∈ G such that M ◦ h and M are isomorphic. As we mentioned in
Section 2 there is a projective representation h 7→ φ(h) of GM on M such that
φ(h)YM(v, z)φ(h)
−1 = YM(hv, z)
for h ∈ GM and v ∈ V. Let αM be the corresponding 2-cocycle in C2(G,C×). Then
φ(h)φ(k) = αM(h, k)φ(hk) for all h, k ∈ GM . We may assume that αM is unitary [C].
That is, there is a fixed positive integer n such that αM(h, k)
n = 1 for all h, k ∈ GM . Let
CαM [GM ] = ⊕h∈GMCh¯ be the twisted group algebra with product h¯k¯ = αM(h, k)h¯k. It
is well known that CαM [GM ] is a semisimple associative algebra. It follows that M is a
CαM [GM ]-module.
Note that GM is a subgroup of CG(g).We claim that g lies in GM . From the definition,
M has a decompositionM = ⊕n∈ 1
T
Z+
M(n) andM(0) 6= 0.We define φ(g) acting onM(n)
as e2piin for all n. It is easy to check that
φ(g)YM(v, z)φ(g)
−1 = YM(gv, z)
for v ∈ V. This implies g ∈ GM . For r = 0, ..., T − 1 let M r = ⊕n∈ r
T
+ZM(n). Then
M = ⊕T−1r=0M r and each M r is an irreducible V 〈g〉-module. Clearly, φ(g) acts on each M r
as constant e2piir/T . This fact will be useful later.
Let ΛGM ,αM be the set of all irreducible characters λ of C
αM [GM ]. Denote the corre-
sponding simple module by Wλ. Using the fact that M is a semisimple C
αM [GM ]-module,
we let Mλ be the sum of simple CαM [GM ]-submodules of M isomorphic to Wλ. Then
M = ⊕λ∈ΛGM ,αMMλ.
Moreover, Mλ =Wλ ⊗Mλ where Mλ = homCαM [GM ](Wλ,M) is the multiplicity of Wλ in
M. As in [DLM2], we can, in fact, realize Mλ as a subspace of M in the following way.
Let w ∈ Wλ be a fixed nonzero vector. Then we can identify homCαM [GM ](Wλ,M) with
the subspace
{f(w)|f ∈ homCαM [GM ](Wλ,M)}
of Mλ. This gives a decomposition
M = ⊕λ∈ΛGM ,αMWλ ⊗Mλ (3.1)
and each Mλ is a module for vertex operator subalgebra V
GM -module.
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Theorem 3.1. With the same notation as above we have:
(1) Mλ is nonzero for any λ ∈ ΛGM ,αM .
(2) Each Mλ is an irreducible V
GM -module.
(3) Mλ and Mγ are equivalent V
GM -module if and only if λ = γ.
The proof of this theorem is similar to that of Theorem 5.4 of [DY] using the twisted
associative algebras Ag,n(V ) [DLM5], [DLM6]. We refer the reader to [DY] for details.
Recall that the group G acts on set S = ∪g∈GM (g) and M ◦ h and M are isomorphic
V G-modules for any h ∈ G and M ∈ S. It is clear that the cardinality of the G-orbit
M ◦G of M is [G : GM ].
The following result comes from [MT] (also see [DLM2], [DY]) which is a generalization
of Theorem 3.1.
Theorem 3.2. Let g, h ∈ G, M an irreducible g-twisted V -module, N an irreducible h-
twisted V -module. Also assume that M,N are not in the same orbit of S under the action
of G. Then
(1) Each Mλ for λ ∈ ΛGM ,αM is an irreducible V G-module.
(2) For any λ ∈ ΛGM ,αM and µ ∈ ΛGN ,αN , the irreducible V G-modules Mλ and Nµ are
inequivalent.
This result gives a complete classification of irreducible V G-modules occurring in the
irreducible g-twisted V -modules for g ∈ G. We now use the modular invariance to prove
that these irreducible V G-modules are the all irreducible V G-modules.
Theorem 3.3. Any irreducible V G-module is isomorphic to Mλ for some irreducible g-
twisted V -module M and some λ ∈ ΛGM ,αM .
Proof. Recall from Section 2.2 about the S-matrix for vertex operator algebra V G. We
know that
ZV G(v,−
1
τ
) = τwt[v]
∑
W∈M
VG
SV G,WZW (v, τ)
for v ∈ V G and ZW (v, τ) are linearly independent [Z]. According to [H], SV G,W 6= 0 for
all W. So it is enough to show that τ−wt[v]ZV G(v,− 1τ ) is a linear combination of ZW (v, τ)
for W occurring in irreducible twisted V -modules.
From the definition of ZV G(v, τ) we know that for v ∈ V G
ZV G(v, τ) =
1
|G|
∑
g∈G
ZV (v, (1, g), τ).
Using (2.3) and the orthogonality property of the irreducible characters of G gives
ZV G(v,−
1
τ
) =
τwt[v]
|G|
∑
g∈G
∑
M∈M (g)
SV,MZM(v, τ).
10
By Theorems 3.1 and 3.2,
ZM(v, τ) =
∑
λ∈ΛGM,αM
dimWλZMλ(v, τ)
and the proof is complete. 
Remark 3.4. In the proof of Theorem 3.3 we did not use the assumption (V4), but we
did need to assume that V G is self-dual.
The following result is an immediate consequence of Theorem 3.2 and assumption
(V4).
Corollary 3.5. The weight of every irreducible V G-module is positive except V G itself.
This result allows us to use various results on the quantum dimensions for vertex
operator algebra V G [DJX].
We now discuss the modularity of ZM(v, (g, h), τ). Recall from [DLN] that for any
v ∈ V, and λ ∈ ΛGM ,αM , ZMλ(v, τ) is a modular form of weight wt[v] over a congruence
subgroup A of Γ.
Proposition 3.6. Let V, G, g, be as before. Then for any v ∈ V and h ∈ GM ,
ZM(v, (g, h), τ) is a modular form of weight wt[v] over A. In particular, χM(τ) is a mod-
ular function on A.
Proof. Using the decomposition we see that
ZM(v, (g, h), τ) =
∑
λ∈ΛGM,αM
λ(h)ZMλ(v, τ).
The result follows. 
4 Quantum dimensions
In this section we compute the quantum dimensions of the irreducible g-twisted V -modules
and irreducible V G-modules. We also obtain relations between the global dimensions of
V and V G, and the global dimension of V and the quantum dimensions of irreducible
g-twisted V -modules.
4.1 Definition
Let V and G be as before. Let g ∈ G and M a g-twisted V -module. Then M is a finite
sum of irreducible g-twisted V -modules. In particular, each homogeneous subspace of M
is finite dimensional.
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From the discussion before we know χV (τ) and χM (τ) are holomorphic functions on
H. The quantum dimension of M over V is defined to be
qdimV M = lim
y→0
χM(iy)
χV (iy)
where y is real and positive. In the case g = 1 this is exactly the definition of the quantum
dimension of a V -module given in [DJX]. Alternatively, we can define quantum dimension
as
qdimV M = lim
q→1−
chqM
chq V
using the relation q = e2piiτ .
Note that it is not obvious that the qdimV M exists from the definition. But for any
V -module M, qdimV M always exists and is greater than or equal to 1 [DJX]. We will
prove later that for any g and any g-twisted V -module M, qdimV M always exists. It is
clear that qdimV M is nonnegative. Also, qdimV (h ◦M) = qdimV M for any h ∈ G and
qdimV M = qdimV M
′.
We now see two examples. First consider the Heisenberg vertex operator algebra
M(1) constructed from the vector space H of dimension d and with a nondegenerate
symmetric bilinear form. The quantum dimension of any irreducible M(1)-module has
been computed in [DJX]. We now consider the automorphism θ of M(1) induced from
the −1 linear map on H. Then M(1) has a unique irreducible θ-twisted module M(1)(θ)
(see [FLM2] for the details). The following character formula for M(1)(θ) is well known:
χM(1)(q) =
1
η(q)d
, χM(1)(θ)(q) =
η(q)d
η(q1/2)d
where
η(q) = q
1
24
∏
n≥1
(1− qn).
Using the well known transformation formula
η(−1/τ) = (−iτ)1/2η(τ)
gives
qdimM(1)M(1)(θ) = lim
y→0
η(iy)2d
η( iy
2
)d
= lim
y→∞
η(−1
iy
)2d
η(−1
iy2
)d
= lim
y→∞
ydη(iy)2d
(2y)
d
2 η(2iy)d
=∞.
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Note that both M(1) and the θ-invariants M(1)+ are not rational and infinitely many
irreducible modules. Although the results later on quantum dimensions do not apply to
M(1) and M(1)+. But they may explain why qdimM(1)M(1)(θ) is infinity.
Our second example is the lattice vertex operator algebra VL where L = Zα is an
even positive definite lattice with (α, α) = 2k for k ≥ 1. We know from [D1] and [DLM3]
that VL is rational and irreducible modules are VL+ r
2k
α for r = 0, ..., 2k− 1. Again the −1
isometry of L induces an automorphism of VL. In this case VL has exactly two irreducible
θ-twisted modules V TiL = M(1)(θ) ⊗ Ti for i = 0, 1 where Ti = C are 1-dimensional
Zα-module such that α acts as (−1)i [FLM2], [D2].
We know again from [DJX] that each irreducible VL+ r
2k
α has quantum dimension 1.
The character of VL is given by
χVL(q) =
θL(q)
η(q)
where the theta function is defined as
θL(q) =
∑
n∈Z
q(nα,nα)/2 =
∑
n∈Z
qn
2k
with the transformation law
θL(−1/τ) = 1√
2k
(−iτ)1/2θL◦(τ)
[S]. Notice that L◦ = 1
2k
Zα is the dual lattice of L. Thus
qdimVL V
Ti
L = limy→0
η(iy)2
θL(iy)η(
iy
2
)
= lim
y→∞
η(−1
iy
)2
θL(
−1
iy
)η(−1
2iy
)
= lim
y→∞
√
k
η(iy)2
θL◦(iy)η(2iy)
=
√
k.
In both examples we use the transformation law of certain modular forms to compute
the quantum dimension. But the quantum dimension qdimVL V
Ti
L will also follow a general
result on rational vertex operator algebra.
4.2 Quantum dimensions of twisted modules
The existence of the quantum dimension for a g-twisted V -module is established in this
subsection. In fact we give a explicit formula of the quantum dimension in terms of the
S-matrix.
Proposition 4.1. Let V and G be as before, andM a g-twisted V -module for some g ∈ G.
Then qdimV M exists. If M is irreducible then qdimV M =
SM,V
SV,V
.
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Proof. The proof is similar to that of Lemma 4.2 of [DJX]. Since M is a direct sum
of finitely many irreducible g-twisted V -modules, we can assume that M is irreducible.
Using (2.2) with v = 1 we have
qdimV M = lim
y→0
χM(iy)
χV (iy)
= lim
y→∞
χM(− 1iy )
χV (− 1iy )
= lim
y→∞
∑
N∈M (1,g−1) SM,NZN(1, (1, g
−1), iy)∑
N∈MV
SV,NχN(iy)
=
SM,V
SV,V
(4.1)
where we have used the fact that limy→∞
ZN (1,(1,g
−1),iy)
χV (iy)
= δV,N as the conformal weight of
N is positive if N 6= V. 
Remark 4.2. Although SV,V > 0 [H], [DLN], but it is not clear at this point that SM,V
is positive. We will show in the next subsection that SM,V is always positive. In other
words, qdimV M is always positive.
4.3 Quantum dimensions of V G-modules
In this subsection we compute the quantum dimensions of irreducible V G-modules
We first need a result on the projective representations of a finite group K. Let α be
a unitary 2-cocycle of K. That is, α(a, b) ∈ 〈κ〉 for all a, b ∈ K where κ = e2pii/n. Let
Kˆ = K × 〈κ〉. Then Kˆ is a finite group with product (a, κs)(b, κt) = (ab, α(a, b)κs+t) for
a, b ∈ K and s, t ∈ Z. Then Kˆ is a central extension of K and the twisted group algebra
Cα[K] can be regraded as the quotient of C[Kˆ] by identifying the abstract group element
κ with e2pii/n. Let χ1, χ2 be two irreducible characters of C
α[K].
Lemma 4.3. Let χ1, χ2 be two irreducible characters of C
α[K]. The following orthogonal
relation holds:
1
|K|
∑
a∈K
χ1(a)χ2(a) = δχ1,χ2.
Proof. We can regard χ1, χ2 as irreducible characters of Kˆ in an obvious way. Then
1
|Kˆ|
∑
a∈K,0≤s≤n−1
χ1(a)χ1(κ)
sχ2(a)ks = δχ1,χ2.
The result follows immediately by noting that |Kˆ| = n|K|. 
We are now in a position to compute the quantum dimensions of irreducible V G-
modules.
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Theorem 4.4. Let V,G, g be as before, M an irreducible g-twisted V -module and λ ∈
ΛGM ,αM . We have
SMλ,V G =
dimWλ
|GM | SM,V , (4.2)
qdimV G Mλ = [G : GM ] dimWλ qdimV M. (4.3)
Moreover, qdimV M takes values in {2 cos pin |n ≥ 3} ∪ [2,∞) and SM,V is positive.
Proof. Using Lemma 4.3 we see that
ZMλ(v, τ) =
1
|GM |
∑
h∈GM
ZM(v, (g, h), τ)λ(h)
for v ∈ V G. By Theorem 2.9 we have
ZMλ(v,−1/τ) =
1
|GM |τ
wt[v]
∑
h∈GM
∑
N∈M (h,g−1)
SM,NZN(v, (h, g
−1), τ)λ(h). (4.4)
On the other hand,
ZMλ(v,−1/τ) = τwt[v]
∑
W∈M
VG
SMλ,WZW (v, τ).
So we need to look for the coefficient of ZV G(v, τ) in the right hand side of equation (4.4).
From the decomposition
N = ⊕µ∈ΛGN ,αNWµ ⊗Nµ
and Theorems 3.1, 3.2 we know that ZN(v, (h, g
−1), τ) =
∑
µ∈ΛGN ,αN
µ(g−1)ZNµ(v, τ) is
a linear combination. So if N 6= V, ZN(v, (h, g−1), τ) does not contribute ZV G(v, τ). If
N = V then h = 1 and GV = G, and ΛGV ,αV is the set of irreducible characters. The
coefficient of ZV G(v, τ) in ZV (v, (1, g
−1), τ) is 1. As a result we see the coefficient of
ZV G(v, τ) in τ
−wt[v]ZMλ(v,−1/τ) is dimWλ|GM | SM,V .
In the case that M = V and Mλ = V
G we see that SV G,V G =
1
|G|
SV,V . It follows from
Proposition 4.1 (also see the proof of Lemma 4.2 of [DJX]) that
qdimV G Mλ =
SMλ,V G
SV G,V G
=
|G|
|GM | dimWλ
SM,V
SV,V
= [G : GM ] dimWλ qdimV M.
To prove that the inequality qdimV M lies in {2 cos pin |n ≥ 3}∪ [2,∞) we take G to be
the cyclic group generated by g.We have mentioned already that GM = G in this case and
M is a G-module. Since G is abelian, any irreducible module is one-dimensional. Using
(4.3) and fact that qdimV G Mλ belongs to {2 cos pin |n ≥ 3} ∪ [2,∞) [DJX] concludes that
qdimV M lies in {2 cos pin |n ≥ 3}∪ [2,∞). The positivity of SM,V follows from Proposition
4.1, the positivity of SV,V (see Remark 4.2) and qdimV M. The proof is complete. 
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We remark that equation (4.3) also appears in the conformal net setting in Th. 4.5 of
[KLX].
The following corollary is immediate by noting that |GM | =
∑
λ∈ΛGM,αM
(dimWλ)
2.
Corollary 4.5. We have
qdimV G M = |G| qdimV M.
for any irreducible g-twisted V -module M.
Theorem 4.4 has been obtained previously in [DJX] withM = V. That is, qdimV G Vλ =
dimWλ. We next explain the appearance of
|G|
|GM |
in the quantum dimension qdimV G Mλ
and its relation with a Schur-Weyl duality [DY], [MT].
Recall S is the set of equivalent classes of irreducible g-twisted modules for g ∈ G. We
need to recall the construction of the finite dimensional semisimple associative algebra
Aα(G,S) defined in [DY]. As we have mentioned already that G acts on S by sending
(M,h) to M ◦ h for h ∈ G and M ∈ S. Let M ∈ S and x ∈ G. Then there exists
N ∈ S such that N ∼= M ◦x. That is, there is a linear map φN(x) : N → M satisfying the
condition: φN(x)YN(v, z)φN(x)
−1 = YM(xv, z). By simplicity ofN , there exists αN(y, x) ∈
C∗ such that φM(y)φN(x) = αN(y, x)φN(yx). Moreover, for x, y, z ∈ G we have
αN(z, yx)αN(y, x) = αM(z, y)αN(zy, x).
Set CS = ⊕M∈S Ce(M) define e(M)e(N) = δM,Ne(M). Then CS is an associative
algebra. Let
U(CS) = {
∑
M∈S
cMe(M)|cM ∈ C∗}
be the units of CS. Then
α(h, k) =
∑
M∈S
αM(h, k)e(M)
lies in U(CS). It is easy to check that
α(hk, l)α(h, k)l = α(h, kl)α(k, l)
where
α(h, k)l =
∑
M∈S
αM(h, k)e(M ◦ l).
So α ∈ Z2(G,U(CS)) is a 2-cocycle.
The associative algebra Aα(G,S) is defined as C[G]⊗ CS with multiplication
a⊗ e(M) · b⊗ e(N) = αN(a, b)ab⊗ e(M · b)e(N)
for a, b ∈ G and M,N ∈ S. Then Aα(G,S) is a semisimple associative algebra. Moreover,
⊕N∈SN is an Aα(G,S)-module with the action: for M,N ∈ S and w ∈ N we set
a⊗ e(M) · w = δM,NφM(a)w
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where φN(a) : N → N ·a−1 [DY]. It is clear that the action of Aα(G,S) and V G commute.
ForM ∈ S we let OM = {N ·x|x ∈ G} be the orbit ofN under G. It is clear that ⊕N∈OMN
is an Aα(G,S)-submodule of ⊕N∈SN.
Let M ∈ S and set D(M) = 〈a⊗e(M)|a ∈ G〉 and S(M) = 〈a⊗e(M)|a ∈ GM〉. Then
both D(M) and S(M) are subalgebras of Aα(G,S) and S(M) is isomorphic to CαM [GM ].
Moreover, each Ind
D(M)
S(M)Wλ is an irreducible Aα(G,S)-module and⊕
N∈OM
N =
∑
λ∈ΛGM,αM
Ind
D(M)
S(M)Wλ ⊗Mλ
as an Aα(G,S) ⊗ V G-module. It is easy to see that dim IndD(M)S(M)Wλ = [G : GM ] dimWλ.
Let M j for j ∈ J be the orbit representatives of S. Then IndD(Mj)
S(Mj)
Wλ for j ∈ J and
λ ∈ ΛG
Mj
,α
Mj
give a complete list of inequivalent irreducible Aα(G,S)-modules. So the
associative algebra Aα(G,S) and V G form a dual pair on⊕
N∈S
N =
∑
j∈J
∑
λ∈ΛG
Mj
,α
Mj
Ind
D(Mj)
S(Mj)
Wλ ⊗M jλ.
By Theorem 4.4 we have
Corollary 4.6. Let V,G,M j be as before, then qdimV G M
j
λ = dim(Ind
D(Mj)
S(Mj)
Wλ) qdimV M
j .
From Theorem 3.3 and discussion above, we see that the V G-module category is equiv-
alent to the Aα(G,S)-module category (here we only consider finite dimensional modules
for Aα(G,S)). From [HL1]-[HL3], [H], the V G-module category if a modular tensor cat-
egory. So Aα(G,S) should be a bialgebra and its module category should be a modular
tensor category. It is definitely interesting problem to find the coalgebra structure on
Aα(G,S) and define the tensor product in Aα(G,S)-module category. This expected
tensor product will be helpful in determining the fusion rules for V G.
Another problem is to how to define the intertwining operators among gi-twisted
V -modules M i where gi are any automorphism of V of finite order. If g1g2 = g2g1 and
g3 = g1g2 this was achieved in [DLM1]. But it is not clear how to carry this out in general.
It seems necessary to have intertwining operators among gi-twisted V -modulesM
i for the
purpose of studying the fusion rules for V G. As in the untwisted case, the fusion rules
among twisted modules should have connection with the quantum dimensions of twisted
modules.
4.4 Global dimensions
In this subsection we give a relation between the global dimensions of V and V G.
First recall from [DJX] that the glob(V ) =
∑
M∈MV
(qdimV M)
2. It is proved in [DJX]
that glob(V ) = 1
S2
V,V
.
Lemma 4.7. We have the following relation: glob(V G) = |G|2 glob(V ).
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Proof. By Theorem 4.4 we know that SV G,V G =
1
|G|
SV,V . Thus
glob(V G) =
1
S2
V G,V G
= |G|2 1
S2V,V
= |G|2 glob(V ),
as desired. 
This result has been given in [ADJR] with a proof involving the category theory.
The proof here uses the explicit expression of SV G,V G . Toshiyuki Abe has independently
obtained this result recently.
Recall that the M j are the orbit representatives. Here is another formula about the
global dimension of V G in terms of quantum dimensions of qdimV M
j .
Proposition 4.8. We have
glob(V G) = |G|2
∑
j∈J
1
|GMj |
(qdimV M
j)2, (4.5)
or another formula for the global dimension of V
glob(V ) =
∑
j∈J
1
|GMj |
(qdimV M
j)2. (4.6)
Proof. It is clear from Lemma 4.7 that these two identities are equivalent. So we only
need to prove the first identity. By Theorems 3.2 and 3.3 we know that the inequivalent
irreducible V G-modules are M jλ for j ∈ J and λ ∈ ΛGMj ,αMj . Using Theorem 4.4 we know
that ∑
λ∈ΛG
Mj
,α
Mj
(qdimV G M
j
λ)
2 =
|G|2
|GMj |
(qdimV M
j)2.
Sum over j gives the desired result. 
The problem with (4.6) is we need to use GM which is not known in general. We
can reformulate (4.6) only using |G|. Recall S is the set of all inequivalent irreducible
g-twisted V -modules for g ∈ G.
Corollary 4.9. The following identity holds:
|G| glob(V ) =
∑
M∈S
(qdimV M)
2.
Proof. From (4.6) we see that
|G| glob(V ) =
∑
j∈J
[G : GMj ](qdimV M
j)2.
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Note that the G-orbit OMj has exactly [G : GMj ] irreducible twisted modules and all
N ∈ OMj have the same character χN (τ) = χMj (τ), the same quantum dimension. Thus
[G : GMj ](qdimV M
j)2 =
∑
N∈O
Mj
(qdimV N)
2.
Summation over the G-orbits gives the result. 
It is worthy to mention that the formula (4.6) is true for any finite automorphism
group G as long as conditions (V1)-(V4) hold. It seems that this formula is new.
Corollary 4.9 makes us believe that the following refinement of Corollary 4.9 is true:
Let V be a rational vertex operator algebra, then for any automorphism g of finite order.
glob(V ) =
∑
M∈M (g)
(qdimV M)
2. (4.7)
So as far as the global dimension concerns, all the elements in the automorphism group
of V of finite orders have the equal weight.
Proposition 4.10. Let g be an automorphism of V of order less than or equal to 2 and
V satisfy conditions (V1)-(V4) with G being the cyclic group generated by g. Then ( 4.7)
is valid.
Proof. If o(g) = 2, this is clear from Corollary 4.9 with G being the group generated by g.
If o(g) = 3, there is a bijection from M (g) to M (g−1) by sending M to its contragredient
module M ′. It is well known that χM(τ) = χM ′(τ). So M and M
′ have the same quantum
dimension. Using Corollary 4.9 with G being the cyclic group generated by g.
If o(g) = 4, then (4.7)is true for g2. Using Corollary 4.9 gives
2 glob(V ) =
∑
M∈M (g)∪M (g3)
(qdimV M)
2.
As before we have ∑
M∈M (g)
(qdimV M)
2 =
∑
M∈M (g3)
(qdimV M)
2
and the result follows. 
We will prove (4.7) for general g in Section 5 as it involves more.
Our next example comes from the cyclic permutation orbifolds from [BDM]. Let V be
a simple, rational, C2-cofinite vertex operator algebra of CFT type such that the weight
of any irreducible module is positive except for V itself. Let k be a fixed positive integer.
Then V ⊗k is a vertex operator algebra [FHL] satisfying the same conditions and the
symmtric group Sk acts on V
⊗k naturally. Let g = (1, 2, ..., k). By [ADJR],
glob(V ⊗k) = glob(V )k =
1
S2kV,V
.
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Let V = M0,M1, ...,Mp be the inequivalent irreducible V -modules. There is a functor
T kg from the category of V -modules to the category of g-twisted V ⊗k-modules such that
T kg (M) =M as vector space. Moreover,
χT kg (M)(τ) = χM(
τ
k
).
Note that χV ⊗k(τ) = χV (τ)
k. We now have the following standard computation
qdimV ⊗k T kg (Ms) = lim
y→0
χT kg (Ms)(iy)
χV ⊗k(τ)
= lim
y→∞
χMs(− 1iky )
χV (− 1iy )k
= lim
y→∞
∑p
t=0 SMs,M tχM t(iky)
(
∑p
t=0 SV,M tχM t(iy))
k
=
SMs,V
SkV,V
where we have used the fact that
lim
y→∞
χM t(iky)
χV (iy)k
= δt,0
and
lim
y→∞
χM t1 (iy) · · ·χM tk (iy)
χV (iy)k
= δ(t1,...,tk),(0,...,0)
as the weight of M t is positive except M0 = V. This gives
p∑
s=0
(qdimV ⊗k T kg (Ms))2 =
p∑
s=0
S2Ms,V
S2kV,V
=
1
S2kV,V
= glob(V ⊗k)
as
∑p
s=0 S
2
Ms,V = 1 (see [DJX] and [DLN]). So (4.7) is valid for V
⊗k and (1, 2, ..., k). One
can also verify that (4.7) is true for V ⊗k and any g ∈ Sk using [BDM].
We now go back to the lattice vertex operator algebra VL with L = Zα. Its irreducible
modules are VL+ r
2k
α for r = 0, ..., 2k− 1, and its irreducible θ-twisted modules are V TiL for
i = 0, 1. We now compute qdimVL V
Ti
L directly. Notice from [DJX] that glob(VL) = 2k
as each irreducible module has quantum dimension 1. Since the order of θ is two, and
χ
V
T0
L
(τ) = χ
V
T1
L
(τ) we see that (qdimVL V
Ti
L )
2 = k for i = 0, 1 and qdimVL V
Ti
L =
√
k. Of
course, this is the same as before.
5 Global dimensions and twisted modules
Our main goal in this section is to prove (4.7) for general g. The key idea is to prove that
the sum of the squares of the quantum dimensions of irreducible V G-modules appearing
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in irreducible gr-twisted modules is 1
T
glob(V G) for any r = 0, ..., T − 1 where G is the
subgroup of Aut(V ) generated by g and T is the order of g.
Recall that V = ⊕T−1r=0 V r is the decomposition of V into the direct sum of eigenspaces
V r of g with eigenvalue e−2piir/T .
Lemma 5.1. Let r ∈ {0, ..., T − 1} and M an irreducible gr-twisted V -module and Mλ be
an irreducible V G-submodule of M. Then
S
V 1,Mλ
S
V G,Mλ
= e2piir/T .
Proof. The proof is similar to that of Theorem 4.4. Note that GV = G. We have
ZV 1(v, τ) =
1
|G|
T−1∑
r=0
ZV (v, (1, g
r), τ)e2piir/T ,
ZV G(v, τ) =
1
|G|
T−1∑
r=0
ZV (v, (1, g
r), τ).
Thus,
ZV 1(v,−1/τ) = τ
wt[v]
|G|
T−1∑
r=0
∑
N∈M (gr)
SV,NZN(v, τ)e
2piir/T ,
ZV G(v,−1/τ) =
τwt[v]
|G|
T−1∑
r=0
∑
N∈M (gr)
SV,NZN(v, τ).
Note that for any N ∈ M (gr), N ◦ g ∈ M (gr). Using Theorems 3.1 and 3.2 immediately
gives the desired result. 
Note from Theorem 2.11 that e2piir/T are the eigenvalues of F (V 1) for the irreducible
V G-module V 1.
Theorem 5.2. Let r ∈ {0, ..., T − 1}. Then
∑
X
(qdimV G X)
2 =
1
T
glob(V G)
where the sum is over the inequivalent irreducible V G-modules appearing in the irreducible
gr-twisted V -modules.
Proof. Note from [DJX] that for any irreducible V G-module Z the quantum dimension
dZ = qdimV G Z =
S
Z,V G
S
V G,V G
. Also recall from [DJX] that glob(V G) = 1
S2
V G,V G
. Thus
∑
X
d2X =
1
S2
V G,V G
∑
X
S2X,V G =
1
S2
V G,V G
∑
X
S2V G,X
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where we have used the fact that S-matrix is symmetric (see Theorem 2.11). It is equiv-
alent to show that ∑
X
S2V G,X =
1
T
.
Set xr =
∑
X S
2
V G,X . It follows from Lemmas 2.13 and 5.1 we know that
SV s,X
SV G,X
= (
SV 1,X
SV G,X
)s = e2piirs/T
for any X as before and s ∈ {0, ..., T − 1}. Using Theorem 2.11 and Proposition 2.12 we
have orthogonal relation ∑
Z∈M
VG
SV s,ZSV G,Z = δs,0
for any s. From Theorem 3.3, MV G is a disjoint union of M
r
V G for r = 0, .., T − 1 where
M rV G is the irreducible V
G-module appearing in an irreducible gr-twisted V -module. This
gives a linear system
T−1∑
r=0
xre
2piirs/T =
T−1∑
r=0
∑
X∈M r
V G
S2V G,X
SV s,X
SV G,X
= δs,0
for s = 0, ..., T −1 with non-degenerate coefficient matrix A = (e2piirs/T )T−1r,s=0. So the linear
system has a unique solution (x0, ..., xT−1). It is easy to see that x0 = x1 = · · · = xT−1 = 1T
is a solution. The proof is complete. 
Finally, we have the following result:
Theorem 5.3. Let g be an automorphism of V of order n <∞ and V satisfy conditions
(V1)-(V4) with G being the cyclic group generated by g. Then
glob(V ) =
∑
M∈M (g)
(qdimV M)
2.
Proof. We have already discussed that for any irreducible g-twisted V -module M, GM =
G. That is eachM itself is a G-orbit and irreducible V G-submodules appearing in different
irreducible g-twisted V -modules are inequivalent V G-modules (see Theorem 3.2). Note
that G is an abelian group and each irreducible g-twisted V -module is a direct sum of
T irreducible V G-modules. By Theorem 4.4, for any irreducible V G-submodule Mλ of
M, qdimV G Mλ = qdim
M
V . As a result, the sum of square of the quantum dimensions of
inequivalent irreducible V G-modules appearing in M is T (qdimV M)
2. Applying Theorem
5.2 and Lemma 4.7 we see that
∑
M∈M (g)
(qdimV M)
2 =
1
T 2
glob(V G) = glob(V ),
as desired. 
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We now give an application of Theorem 5.3 to a holomorphic vertex operator algebra
V which only has one irreducible module up to isomorphism, namely V itself.
Proposition 5.4. If V is a holomorphic vertex operator algebra and G a cyclic group,
then any irreducible V G-module is a simple current.
Proof. From Theorem 4.4, the quantum dimension of any irreducible g-twisted V -module
is greater than or equal to one for any g ∈ G. Using Theorem 5.3, for each g there is a
unique irreducible g-twisted V -module V (g) up to isomorphism and qdimV V (g) = 1. This
implies that GV (g) = G. According to a well known fact that any projective representation
of a cyclic group is ordinary, we see that V (g) is a G-module. By decomposition (3.1) we
have
V (g) = ⊕λ∈irr(G)Wλ ⊗ V (g)λ
where irr(G) is the set of irreducible characters if G. Moreover, each V (g)λ 6= 0. Using
Theorem 4.4 concludes that qdimV G V (g)λ = qdimV V (g) = 1 for any irreducible V
G-
module V (g)λ appearing in V (g). It follows from [DJX] that V (g)λ is a simple current.

Remark 5.5. Proposition 5.4 is false if V is not holomorphic. Here is a counter example.
Consider the lattice vertex operator algebra VL with L = Zα and (α, α) = 2k. Let G be
the cyclic group generated by theta which is the automorphism of VL induced from the
−1-isometry of L. We have already known that VL has irreducible θ-twisted modules V TiL
with i = 0, 1 with quantum dimension
√
k. Each V TiL is a direct sum of two irreducible
V GL -modules with quantum dimension
√
k by Theorem 4.4. If k > 1 these irreducible V GL -
modules appearing in irreducible θ-twisted VL-modules are not simple current although G
is abelian.
We next compute the fusion rules for the vertex operator algebra V G in the setting of
Proposition 5.4. For this purpose we need to recall the quantum double D(G) associated
to the group G from [D], [DPR]. The quantum double D(G) is the Hopf algebra with
underlying vector space C[G]⊗ C[G]∗, multiplication,
(x⊗ e(g))(y ⊗ e(h)) = δg,hxy ⊗ e(g)
and coproduct
∆(x⊗ e(g)) =
∑
hk=g
(x⊗ e(h))(x⊗ e(k)).
Clearly, D(G) is exactly the Aα(G,S) as algebras defined before with trivial α. We can
index the irreducible representations by (λ, e(g)) for g ∈ G and λ ∈ irr(G) such that
x ⊗ e(h) acts as δg,hλ(x). Observe that the tensor product of irreducible D(G)-modules
obeys the following rule:
(λ, e(g))⊗ (µ, e(h)) = (λµ, e(gh)).
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Proposition 5.6. Let V be a holomorphic vertex operator algebra and G a cyclic group.
For g, h ∈ G and λ, µ ∈ irr(G) we have
V (g)λ ⊠ V (h)µ = V (gh)λµ.
That is , the V G-module tensor category and D(G)-module tensor category are equivalent.
Proof. Note that each irreducible V G-module V (g)λ is a D(G)-module which is a direct
sum of D(G)-module (λ, e(g)). So V (g)λ⊠ V (h)µ is also a D(G)-module. By Proposition
5.4, V (g)λ ⊠ V (h)µ is an irreducible V
G-module as V (g)λ is a simple current. It is good
enough to show that V (g)λ ⊠ V (h)µ is a D(G)–module with character (λµ, e(gh)).
Recall that the tensor product V (g)λ⊠ V (h)µ is a V
G-module together with an inter-
twining operator Y of type
(
V (g)λ ⊠ V (h)µ
V (g)λ V (h)µ
)
such that for any V G-module W and
any intertwining operator I of type
(
W
V (g)λ V (h)µ
)
there is a unique V G-module ho-
momorphism φ : V (g)λ ⊠ V (h)µ → W so that I = φY . We have already mentioned that
D(G) = Aα(G,S) and the actions of V G and D(G) commute on V (g) for all g ∈ G. Note
that I
(
V (g)λ ⊠ V (h)µ
V (g)λ V (h)µ
)
is one dimensional as V (g)λ ⊠ V (h)µ is irreducible.
We now define an action of D(G) on the space I
(
V (g)λ ⊠ V (h)µ
V (g)λ V (h)µ
)
such that
Yx⊗e(k)(u, z)w =
∑
ab=k
Y((x⊗ e(a))u, z)(x⊗ e(b))w
for x, k ∈ G, u ∈ V (g)λ and w ∈ V (h)µ. It is easy to verify that
Yx⊗e(k) ∈ I
(
V (g)λ ⊠ V (h)µ
V (g)λ V (h)µ
)
and I
(
V (g)λ ⊠ V (h)µ
V (g)λ V (h)µ
)
is one dimensional irreducible D(G)-module. It is also clear
that
Yx⊗e(k)(u, z)w = δk,ghY((x⊗ e(g))u, z)(x⊗ e(h))w = λ(x)µ(x)Y(u, z)w.
Thus, I
(
V (g)λ ⊠ V (h)µ
V (g)λ V (h)µ
)
is isomorphic to (λµ, e(gh)). Now consider the linear map
from I
(
V (g)λ ⊠ V (h)µ
V (g)λ V (h)µ
)
to V (g)λ ⊠ V (h)µ such that Y is mapped to unw for any
nonzero u ∈ V (g)λ and w ∈ V (h)µ and n ∈ Q. This map is a D(G)-module homo-
morphism. By [DL1], there exist u, w and n such that unw 6= 0. So V (g)λ ⊠ V (h)µ
has a D(G)-submodule isomorphic to (λµ, e(gh)) and contains V (gh)λµ. As a result,
V (g)λ ⊠ V (h)µ = V (gh)λµ. 
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For general V the fusion rules are more complicated. However, we can determine the
fusion rules among irreducible V G-modules appearing in V using [T].
Corollary 5.7. Let V be a vertex operator algebra and G a finite automorphism group of
V satisfying conditions (V1)-(V4). Then for any λ, µ ∈ irr(G)
Vλ ⊠ Vµ =
∑
γ∈irr(G)
dimHomG(Wλ ⊗Wµ,Wγ)Vγ.
Proof. From [DJX] we know that
qdimV G Vλ ⊠ Vµ = qdimV G Vλ qdimV G Vµ = dimWλ dimWµ.
From [T], N
Vγ
Vλ,Vµ
≥ dimHomG(Wλ ⊗Wµ,Wγ). The proof is complete. 
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